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Figure 1: Our main findings suggest that temporal entities in LMs form various types of feature manifolds, which
are task & prompt dependent (left). These structures are actively used for reasoning: polluting them with noise hits
performance significantly more than when doing so on a random subspace (right).

Abstract

The linear representation hypothesis states
that language models (LMs) encode con-
cepts as directions in their latent space, form-
ing organized, multidimensional manifolds.
Prior efforts focus on discovering specific
geometries for specific features, and thus
lack generalization. We introduce Supervised
Multi-Dimensional Scaling (SMDS), a model-
agnostic method to automatically discover fea-
ture manifolds. We apply SMDS to temporal
reasoning as a case study, finding that different
features form various geometric structures such
as circles, lines, and clusters. SMDS reveals
many insights on these structures: they con-
sistently reflect the properties of the concepts
they represent; are stable across model families
and sizes; actively support reasoning in models;
and dynamically reshape in response to context
changes. Together, our findings shed light on
the functional role of feature manifolds, sup-
porting a model of entity-based reasoning in
which LMs encode and transform structured
representations. '

1 Introduction

There is increasing evidence from recent work in
mechanistic interpretability that language models
(LMs) develop structured representations of enti-
ties in their latent space. Notably, Heinzerling and

!Code and data available at: https://github.com/
UKPLab/arxiv2025-shape-happens

Inui (2024) find that numerical entities (e.g., Karl
Popper was born in 1902) are represented in a mono-
tonic, “pseudo-linear” fashion. Increasing or de-
creasing specific neuron activations can lead the
model to output a higher or lower value. More
recently, Engels et al. (2025) discover non-linear
modes of structural entity representation, which
form strikingly interpretable patterns. They show
that days of the week (Sunday, Monday) and months
(December, January), for example, form a circular
structure. Concurrent work by Modell et al. (2025)
provides formal definitions of these feature mani-
folds and explores how they arise in LMs.

Nevertheless, several fundamental questions re-
main unanswered: we do not know if and how LMs
make use of these manifolds during reasoning, or
how to reliably detect their presence (Engels et al.,
2025; Modell et al., 2025). Answering these ques-
tions can help improve LMs and how we control
them. This is particularly important in light of
current LM limitations, such as poor temporal rea-
soning (Yuan et al., 2023), difficulty in alignment
(Wang et al., 2023), bias (Gallegos et al., 2024),
and vulnerability to distraction (Shi et al., 2023;
Niu et al., 2025).

In this paper, we address these questions by in-
troducing Supervised Multi-Dimensional Scaling
(SMDS), a novel framework to systematically dis-
cover feature manifolds. Unlike commonly used
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dimensionality reduction methods, which enforce a
fixed structural assumption and cannot be directly
compared, SMDS provides a unified way to spec-
ify arbitrary geometric assumptions and a quantita-
tive metric to evaluate their fit. SMDS effectively
turns manifold discovery into a model selection
problem, and thus offers quantitative support for
claims about the underlying structure of learned
representations. Moreover, this framework enables
observing how a feature manifold evolves across
different layers and reasoning steps.

We focus on temporal reasoning in the form of
short-form QA tasks, such as identifying recency,
ordering events and estimating durations, as we
consider them an ideal test bed for manifold discov-
ery. The reason is threefold: LMs display poor per-
formance in such tasks (Yuan et al., 2023; Huang
et al., 2023; Niu et al., 2024); initial evidence has
found temporal feature manifolds to vary widely
across tasks (Heinzerling and Inui, 2024; Engels
et al., 2025) ; and finally, there is a gap in anayses
targeting the atomic structures of temporal reason-
ing from a mechanistic standpoint.

The following are our main findings:

JF1: Temporal entities form feature manifolds
with intuitive structures, and this pattern is
consistent across model architectures and sizes.
We find that the manifolds associated with various
temporal concepts (e.g., days of the year, hours,
durations, and historical events) align with inter-
pretable topologies such as circles, lines, and clus-
ters, substantially extending Engels et al.’s (2025)
findings. Our SMDS experiments cover more than
sixty thousand recovered manifolds, and confirm
that the identified feature structures are shared
across model sizes and architectures.

JF2: Feature manifolds are dynamically adjusted
depending on the task. SMDS enables us to
compare manifold structures across different token
positions. We analyse prompts that share the same
context but differ in their final completion cue, and
find that LMs alter feature manifolds based on the
cue and task in an intuitive way.

F3: Feature manifolds actively support reason-
ing. We find that LMs actively utilise feature
manifolds to perform reasoning tasks, supported
by two pieces of crucial evidence. First, perturbing
manifold-aligned subspaces consistently impairs
reasoning performance, while equivalent noise ap-
plied to random subspaces has a negligible effect.

Second, we observe that manifold quality signifi-
cantly correlates with downstream performance.
When combined with previous results on the
binding problem (Feng and Steinhardt, 2023), our
findings suggest an explanation for the mechanism
by which LMs perform reasoning. We hypothesize
an entity-based reasoning pipeline in LMs that:

1. Represents entity properties in coherent loca-
tions on a manifold within the residual stream;

2. Applies a transformation to this manifold,
guided by the question or task context;

3. Selects an appropriate output based on the trans-
formed representation.

Finally, we extend our analysis beyond mono-
dimensional temporal features into two separate
experiments (§5.4): the first is an entity-based rea-
soning task on geography that similarly uncovers
manifold structures shared across models; the sec-
ond studies a pair of temporal features to locate
a multidimensional manifold. These experiments
show our analysis can be extended beyond the tem-
poral domain and to higher-dimensional features.
Overall, these results suggest that feature mani-
folds play an important role in how LMs represent
and reason about entities. We view this work as a
step toward better understanding the mechanisms
behind reasoning in modern language models.

Contributions We first present a survey of previ-
ous feature manifold discovery methods, providing
an overview of their limitations (§2). We then intro-
duce the novel SMDS framework in §3. Next, we
present our results in §5, where we identify three
major findings: (§5.1) manifold geometry for the
same type of entity is shared across models; (§5.2)
LMs adapt structures in context for different tasks;
and (§5.3) LMs actively use feature manifolds for
reasoning. Moreover, we show that our approach
extends to other domains and to multidimensional
manifolds (§5.4). Finally, we conclude the paper
with a discussion (§6).

2 Feature Manifold Discovery

Existing methods for dimensionality reduction in
manifold discovery often rely on fixed assumptions
about the data distribution, without providing a
principled way to compare results across different
structural hypotheses. This gap motivates us to
introduce our SMDS framework in Section 3. In
this section, we set up the problem with relevant
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Figure 2: Feature Manifold Discovery and the Limita-
tions of Previous Methods. (a) Prompt and task setting.
(b) LDA, PCA, and PLS either fail to recover structure
or order due to their limitations. (¢c) SMDS succeeds.

background and survey existing feature manifold
discovery methods.

Preliminaries We illustrate our method using a
temporal reasoning task as a running example (Fig-
ure 2a). Performing temporal reasoning requires a
model to understand both explicit mentions of tem-
poral expressions (Jia et al., 2018a) and implicit
knowledge of temporal calculus (Allen, 1981). Our
analysis focuses on how LMs process temporal ex-
pressions, which are central to temporal reasoning
and define precise, measurable quantities that can
reveal underlying feature manifolds. Temporal rea-
soning also offers good diversity: different types of
temporal expressions demand different reasoning
skills (e.g., comparing frequencies, ordering events,
or identifying recency) and models vary widely in
how well they handle these tasks (Chu et al., 2024).

In particular, we seek to start from confirming
Engels et al.’s (2025) finding that LMs tend to rep-
resent calendar dates in a circular topology, placing
December near January in their latent space. Con-
sider a prompt comprising several sentences fol-
lowing the template “<name> was born on the <day>
of <month>”” When asked “The oldest is,’ the task
is answered correctly if the model uses contextual
information to produce the correct answer <name>.

By prompting the LM with several such prompts
varying the reference date, we elicit internal rep-
resentations that collectively reside on the feature
manifold of calendar dates. In this case, our quan-
tity of interest is the birthday of the correct person
(e.g., Bob’s birthday: 10th of March in Figure 2a),
which we collectively represent as a set of labels y.
We map these labels onto the [0, 1] interval, where
0 corresponds to Jan Ist and 1 to Dec 31st. We
then extract the hidden states corresponding to the

last token of the date (e.g., the “<month>” token?),
yielding a collection of hidden states X € R"*¢,
with n number of samples and d the hidden size of
the LM. Next, we use dimensionality reduction to
project the high-dimensional hidden states X onto
an interpretable, low-dimensional space.

Existing Methods We identify three primary
methods used in previous works: PCA, LDA, and
PLS (Wold et al., 2001; Park et al., 2024a; El-
Shangiti et al., 2025; Modell et al., 2025, inter
alia).> From observing the visualisations in Fig-
ure 2b, we can see that each method has crucial lim-
itations when trying to detect arbitrary geometries
such as the circular one we seek. LDA finds inter-
pretable clusters but has no notion of order; PCA
fails to identify feature subspaces if they are not
aligned with the directions of maximum variance;
and PLS is limited to linear features unless a suit-
able transformation is applied to the data (AlquBoj
et al., 2025). As a result, each method can only de-
tect specific types of structure. Moreover, without
quantitative metrics to assess the goodness-of-fit
across different methods, it is unclear which of the
manifolds best reflects the original representations.

3 Supervised Multidimensional Scaling

To overcome these limitations, we propose a novel
dimensionality reduction technique: Supervised
Multidimensional Scaling (SMDS). It extends clas-
sical Multidimensional Scaling (MDS; Ghojogh
et al., 2020) by incorporating supervision, under
the assumption that labels can parametrise the un-
derlying feature manifold formed by the model’s
hidden states. SMDS is flexible, as varying the
assumption enables recovering multiple different
structures, and provides a common basis to quan-
tify their fit and identify a preferential one.

Formally, we assume that hidden activations X
forming the feature manifold can be located using
labels y that represent a numerical property. SMDS
first computes ideal pairwise distances d(y;, y;) be-
tween y;,y; € y that encode the geometry of the
desired manifold (e.g., circular, linear, or clustered).
It then finds a linear projection W € R™*¢ such
that the Euclidean distances between projected
points Wx; and Wz; best match d(y;, y;), with
x;, r; € X. SMDS minimises the loss:

For readability, we omit space tokens in the examples.
Tokenization is still performed as usual.
SWe provide a review of relevant works in Appendix A.
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d(yi,y;) is task-dependent and implicitly defines
the hypothesis structure. For example,

8ij = |yi — v, 2

d(yi,yj) = 2sin (mmin (6;5, 1 — 6;5)), (3)

these two formulas are the chord distance between
two points on a unit circle, thereby defining a cir-
cular structure. As shown in Figure 2c, SMDS
finds a clear circular projection of calendar dates,
consistent with Engels et al.’s (2025) findings.

We assess the quality of a recovered projection
W trained on activations X by computing a variant
of normalized stress (Amorim et al., 2014), adapted
for a supervised task. In particular, we compute
stress over a held-out set of points X ,y and corre-
sponding ideal distances dij = d(9i, Yj):

S = Z [HW@’Z - W-'i‘JH - CLJ:|2/ZCE] “4)

1<j 1<j

This metric measures how well distances in the
recovered projection match distances of the hypoth-
esis manifold. High-dimensional activations that
originally form a certain structure can be easily
projected onto a low-dimensional space matching
that geometry, thus attaining a low stress. By com-
paring stress over several distance functions, one
can identify the best-fitting manifold. For calen-
dar dates, as we show later in §5, stress identifies
a circular topology as the best fit among several
different hypotheses.

Distance Functions We propose a set of distance

functions for SMDS to detect a heterogeneous va-

riety of manifolds. Seminal works have shown

several instances of the idiosyncratic structure of

feature manifolds. Notable examples include:

* Cyclical features form a ring shape in the latent
space (Engels et al., 2025);

* Numbers are compressed according to a logarith-
mic progression (AlquBoj et al., 2025);

* Years of the 20th century form a U-shaped struc-
ture (Engels et al., 2025; Modell et al., 2025);

* Categorical features visually form clusters in cor-
respondence to the vertices of a polytope (Park
et al., 2024a);

Distance Function d(y;, y;) Resulting Manifold
11641 linear

|log ys — log y;| log_linear
2sin(%|d44]) semicircular

2sin(F|logy: — logy;|) log_semicircular
2 sin(w min(|d;5], 1 — |di51]))

min(|dg;], M + 1 — [d:5])

circular
discrete_circular

0if y; = y;, 1 otherwise cluster

Table 1: Collection of distance metrics used through-
out our study. Colours denote manifold topology:
linear, cyclical or categorical. 5ij = Y — Yj.
M = max(y).

* Lastly, Gurnee and Tegmark (2023) have ex-
tracted multidimensional manifolds representing
features such as latitude and longitude.

Therefore, as listed in Table 1, we parametrise
shapes such as circles, semicircles, lines, logarith-
mic lines and clusters so that the resulting manifold
is interpretable. The manifolds we define are cate-
gorized based on their topology: linear, where con-
cepts follow a continuous, monotonic progression;
cyclical, where the progression is continuous but
wraps around to the starting point, forming a loop;
and categorical, where concepts occupy discrete,
equidistant regions without inherent ordering.*

In the following sections, we use this collection
of distance functions to identify feature manifolds
for several tasks and at different stages of the rea-
soning process.

4 Experimental Setup

Data & Prompt Setup Based on the TIMEX3
specification (Pustejovsky et al., 2010), we cre-
ate five synthetic datasets and three variants, prob-
ing precise aspects of temporal understanding over
a variety of numerical quantities (Table 2). All
sentences across datasets have a similar format:
they describe an action performed by three indi-
viduals, the action is associated with a temporal
expression, and a continuation cue is attached to
elicit temporal reasoning. The right answer is al-
ways one of the three names mentioned in the
context. We randomise the names, actions, and
temporal expressions to increase robustness but
keep the same structure across all samples. Tem-
poral expressions are sampled uniformly across

*Strictly speaking, structures of this kind are not manifolds,
as the space they form is not connected.



Dataset Context Continuation Expression Range
date Anna took a bus on the 16th of The first person that took @1/01 - 31/12
January. a bus was
duration Neil is starting a workshop on the The person whose workshop 01/01 - 31/12
11th of January lasting 1 day. ends first is 1 day - 4 years
notable Emma was bornon the day Pius X became The oldest is 1900 - 2000
Pope.
periodic Kevin waters the plants every day. The person who waters the daily - every 6 years

plants more often is

time_of_day Lucy naps at 16:15.

It is now 19:37. The last
person who napped is

00:00 - 23:59

Table 2: Tasks and corresponding prompts. Variants date_season, date_temperature, and time_of_day_phase
are omitted for brevity and are detailed in Appendix B. Colours represent templates: blue denotes names, orange
denotes actions, red denotes the corresponding continuations, green denotes temporal expressions, and black
denotes expressions that do not change throughout the dataset.

a given range, but respecting some plausibility
constraints (e.g. ‘“‘once per year” is never as-
sociated with common actions such as “takes a
shower”). We also make sure names are always
tokenized as a single token for all models. The
three variants date_season, date_temperature,
and time_of_day_phase share the same context
and range with their main counterparts, but ask a
different question that requires a different type of
reasoning (e.g. “The only person born in spring
is”). See Appendix B for an extended discussion
on our temporal taxonomy and datasets.

LM Selection The bulk of our analysis is per-
formed on three models from different families:
Qwen2.5-3B-Instruct (Team et al., 2025), Llama-
3.2-3B-Instruct (Grattafiori et al., 2024), gemma-2-
2b-it (Gemma et al., 2025). We also study what im-
pact instruction tuning has on these representations
by comparing these models with their base versions.
For the Llama family, we also study larger mod-
els to observe whether the manifolds we identify
persist at scale: Llama-3.1-8B-Instruct and Llama-
3.1-70B-Instruct. Due to computational constraints,
we run these models using 4-bit quantization.

Automating Manifold Discovery We generalise
our study by analysing activations across all layers
and in different positions along the sentence. In
particular, we examine three sites: the last token
of the temporal expression (e.g., “on the 16th of
January,” TE for short); the last token in the prompt
(e.g. “The first person that took a bus was,” LP
for short); and the token of the generated answer
(one of the name of the context, A for short).

To automate the discovery process, we drop any

assumption about which feature should be encoded
by which manifold and instead run a grid search
over all defined distance functions. We fit an in-
stance of SMDS for each dataset and layer and then
compare recovered manifolds using stress (Eq. 4).
To increase the robustness of our manifold discov-
ery, we perform 5-fold cross-validation and take
the average S of the retrieved projections as the
overall score for the manifold.

S Experiment Results and Analysis

We present our experiment results around the three
major findings in this section.

5.1 (F7) Temporal Entities Share Intuitive
Manifold Structures Across Models.

Figure 3 shows examples of best-scoring mani-
folds across models and tasks. We first observe
that all manifolds identified this way are not only
interpretable, but also match prior research (En-
gels et al., 2025; Park et al., 2024a; AlquBoj et al.,
2025). Their topology always matches meaning-
ful properties of the feature they explain: mono-
tonic features are represented by linear topologies,
cyclical features wrap around in loops, and cate-
gorical features map to cluster structures. Previous
work has shown that LMs encode numerical quanti-
ties in a logarithmically compressed way (AlquBoj
et al., 2025). Our work extends this finding to
temporal reasoning for the first time: in both the
duration and periodic tasks, time intervals such
as days to weeks, weeks to months, and months to
years are preferentially represented with roughly
uniform spacing, indicating a logarithmic compres-
sion of temporal magnitude. This pattern (Figure
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Figure 3: Feature manifolds retrieved from the LP site. We can observe that models represent features in a similar
way, and the resulting manifolds are interpretable and match an intuitive progression (linear, circular or categorical)
of the underlying features. The scatter plots on the left show the first two components of SMDS dimensionality
reduction; the bar plots on the right depict scoring of different manifolds on the given activations. Scores displayed
are computed as — log S to emphasise the difference between values; error bars are shown in black. Bar plot colour
reflects manifold topology: M linear; M cyclical; M categorical;

4), though not directly comparable, bears a super-
ficial resemblance to the logarithmic compression
described by the Weber—Fechner law (Dehaene,
2003). Notably, the best manifold shape is consis-
tent across all observed model families as well as
in most of the non-instruction-tuned counterparts.
Moreover, this pattern persists at scale, with all
three observed sizes (3B, 8B, 70B) creating co-
herent shapes between them. This suggests there
are preferential ways to encode the same knowl-
edge, and all language models eventually converge
to similar structures, providing further proof of
hypotheses formulated in previous literature (Huh
et al., 2024). Nonetheless, many tasks exhibit high
scores for more than one topology. A possible ex-
planation is that, although preferential manifolds
exist, models build multiple valid representations.
This polymorphism is not an artefact of SMDS:
control tasks using randomized labels display high

stress, confirming SMDS is not just overfitting a hy-
pothesis manifold. We provide a deeper discussion
in Appendix D.5.

5.2 (F2) LMs Adapt Structures In-Context
for Different Tasks.

Figure 5 shows how the LM adapts the TE site
feature manifold to different structures at the LP
site, depending on the question prompt. Tasks
date, date_season and date_temperature all
start from the same context but result in strikingly
different final structures: in date, a circular struc-
ture is required to account for the looping nature of
dates in a year, while in the other two tasks inputs
are mapped to linearly separable clusters. This can
be interpreted as the model internally performing
regression or classification to solve the task.
When comparing the location in the sentence
where the structure is located, models exhibit a
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form of information flow between entities, reshap-
ing feature manifolds. Figure 6 shows how stress
can be used to detect this flow. In initial layers,
the TA site is highly structured. As layers progress,
this structure disperses into later tokens, such as
the LP token and the A token. This process is not
perfect: duplicated manifolds on LP and A display
noticeably higher stress than the ones found at the
TE site. Our results extend previous findings on the
existence of a binding mechanism in LMs (Feng
and Steinhardt, 2023; Dai et al., 2024): we show
that not only vectors, but entire feature manifolds
are preserved and propagated between entities.

5.3 (F3) LMs Actively Use Feature Manifolds
for Reasoning.

Here we present two causally relevant lines of evi-
dence that LMs actively use the structure of their
representations to perform temporal reasoning.

Structure at different layers
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Last of temp expr
—— Last of prompt

w0
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Figure 6: Manifold quality at different layer depths and
positions in the sentence. Information transits from its
injection point (orange) to the answer token (blue).

Located subspaces are causally relevant to noise
perturbation. To demonstrate that feature man-
ifolds are utilized by LMs in their reasoning pro-
cess, we perform causal intervention by adding
noise to the manifold subspace and measuring
downstream accuracy. We inject Gaussian noise
e ~ N(0,021,,) into the first layer at the TE site.
Given a hidden state z € R, the perturbation
is applied as #’ = = + W~le, where € is an m-
dimensional noise vector projected back into the
original space. Subspaces of dimension m are lo-
cated via SMDS in the usual way, and overfitting
is prevented by training and evaluating the SMDS
on a 50/50 split. We select the top three task-model
pairs achieving the best accuracy on the original
task, as these will be the settings where a disruption
will be more noticeable: date, date_season and
time_of_day_phase on Llama-3.2-3B-Instruct.
Across all tasks, performance gracefully de-
grades as the noise scale is increased (Figure 7).
Crucially, we observe degradation for m as low
as 2, suggesting that temporal features are concen-
trated in very small yet highly informative regions
of the activation space. We perform two other types
of intervention in which we inject noise in the full
latent space and in a random subspace, respectively.
Affecting the full latent space achieves a much
more destructive effect for low values of o2. On
the other hand, disrupting a random subspace has
no detectable effect on performance for subspaces
of size < 100. The addition of noise also results in
the disruption of structures located at subsequent
tokens and layers (Figure 8). Interestingly, later
layers are still able to form a vaguely organized
shape, meaning information is partially being prop-
agated or reconstructed. Overall, our experiments
confirm that SMDS-located subspaces are critical
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for temporal understanding.

Manifold quality significantly correlates with
model performance. We find a significant pos-
itive correlation between downstream accuracy
and the ability of models to form well-organized
manifolds, as quantified by —log S (Spearman’s
p = 0.513, p = 0.0174; Pearson’s r = 0.560,
p = 0.0083). Notably, this relationship emerges
only for models that attain above-chance accuracy,
specifically, Llama-3.2-3B-Instruct, Llama-3.1-8B-
Instruct, and Llama-3.1-70B-Instruct. The results
suggest that while feature manifolds tend to emerge
naturally in LMs, a critical factor for strong per-
formance lies in how effectively the model utilizes
them during reasoning.

5.4 Generalising SMDS Across Domains and
Feature Types

Defining manifolds through distance functions
enables extending SMDS beyond the mono-
dimensional case. This sections provides two such
examples.

2D Manifold We analyse the duration task in
more detail as each sentence contains two temporal
expressions. By assigning a label for each tem-
poral expression, and by using the linear distance
function, we are able to identify a 2D manifold that
displays properties from both features. We hypothe-
size the creation of such manifolds happens during
the information flow discussed earlier: features are
retrieved from multiple locations and combined.
The recovered manifold is shown in Figure 14.

Spatial Reasoning Domain To demonstrate the
versatility of SMDS beyond temporal reasoning,
we apply it to a manifold discovery task grounded
in geographic knowledge. We construct a dataset
of prompts referencing various cities around the
world and use their latitude and longitude to com-
pute pairwise distances and reconstruct a manifold.
While Gurnee and Tegmark (2023) demonstrates
that geographic location is decodable from LMs’
hidden states, their analysis is limited to a planar
projection. We extend this by evaluating spher-
ical, cylindrical, and geodesic-based geometries,
and find that a spherical manifold best captures the
structure of the representations. This again high-
lights how feature manifolds align with the true
geometry of the underlying domain. Further details
are provided in Appendix D.4.

6 Discussion & Conclusion

Our study establishes a connection between the ge-
ometry of representation manifolds and the causal
language modelling process, demonstrating that a
structured organization of knowledge is not only
present but beneficial for model reasoning. By
analysing the persistence of these structures across
tokens—particularly from the injection point to
the answer—we provide compelling evidence that
feature binding operates through continuous, task-
relevant manifolds in the latent space. The per-
sistence of manifolds across tokens suggests that
language models transfer not just vectors, but struc-
tured representations, reinforcing the presence of a
binding mechanism and extending prior evidence
to more diverse tasks (Dai et al., 2024).



Although our experiments centre on temporal
reasoning, the proposed method extends to any
task involving structured features on which a dis-
tance function can be defined, as we demonstrate in
§D.4. Starting from hypothesis manifolds inspired
by prior work, we obtain consistent, interpretable
results, effectively reframing manifold discovery as
a model selection problem. A compelling direction
for future research is understanding how individual
features combine into multidimensional manifolds.
While we present initial evidence of composition,
more expressive manifold hypotheses could offer
deeper insights. SMDS lays the foundation for
such investigations.

Our stress metric often yields tightly clustered
scores. This suggests three possible directions for
further investigation: the development of more dis-
criminative metrics, the use of larger and more
varied datasets, or a reassessment of the assump-
tion that a single preferential manifold exists. An
intriguing hypothesis is that models instead adopt
multiple, equally valid representational geometries
and dynamically select them based on task context.

In the scope of model reasoning, the framework
we propose can serve as a basis for several lines of
future work. For instance, combining SMDS with
circuit discovery could help identify which opera-
tions LMs use to transform information throughout
reasoning. Another promising direction is model
steering, where knowledge of feature manifold
could inform methods that leverage these structures
directly. Finally, systematically studying the role
of noise in feature manifolds across layers, and
whether mitigating it improves reasoning, offers
another rich line of inquiry.

In sum, shape happens. Our work lays the foun-
dational ground for interpreting and comparing
representations in LMs through geometric struc-
tures. This invites further exploration into how
manifold shapes are formed, combined, function-
ally employed in downstream reasoning, and how
knowing about them could improve existing mod-
els.

Limitations

Our use of language models trained on predomi-
nantly English corpora introduces an inherent bias
toward the cultural norms of the Anglosphere. This
is reflected in several design choices: the reliance
on the Gregorian calendar for date expressions; the
selection of names that are tokenized as single units,

which tends to privilege Anglo-American names;
and assumptions about seasonal properties (e.g.,
associating December with cold weather), which
implicitly expects the location to be a country in
the northern hemisphere, with a temperate or conti-
nental climate. The high accuracy and well-formed
manifolds observed in these settings can therefore
be seen as indicators of such biases. SMDS could
find use as a diagnostic tool, uncovering how un-
derlying representations reflect these biases.

In our work, we omit fuzzy expressions for
which it is not possible to define precise tempo-
ral pointers (e.g., “in the morning,” “later,” and
“next week”) and therefore an exact location on a
feature manifold. As Kenneweg et al. (2025) show,
fuzziness in a temporal expression is a key factor
in performance degradation. Future works could
better characterize the interplay between fuzziness
in temporal expressions and the quality of feature
manifolds.
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A Related Works

Linear representations & feature manifolds
The linear representation hypothesis proposes that
language models encode interpretable features as
directions in their latent space, with concepts ex-
pressed as sparse linear combinations of these di-
rections (Park et al., 2024b; Modell et al., 2025).
Recent work extends this view, revealing that re-
lated features tend to organize into structured man-
ifolds. For example, ring-like structures (Engels
et al., 2025), logarithmic progressions (AlquBoj
et al., 2025), U-shaped curves (Engels et al., 2025;
Modell et al., 2025), cluster organized around
the vertices of geometric polytopes (Park et al.,
2024a), and higher-dimensional surfaces (Gurnee
and Tegmark, 2023). Other studies on multilin-
gual LMs have also investigated structures in the
latent space and consistently found shared represen-
tations across languages (Peng and S¢gaard, 2024;
Artetxe et al., 2020; Chang et al., 2022; Conneau
et al., 2020, inter alia).

Existing dimension reduction methods Several
linear dimensionality reduction techniques have
been applied to recover structure from language
model representations: Principal Component Anal-
ysis (PCA) identifies directions of maximal vari-
ance in the embedding space (Gurnee and Tegmark,
2023; Modell et al., 2025); Linear Discriminant
Analysis (LDA) finds directions that best sepa-
rate labeled categories (Park et al., 2024a); Partial
Least Squares Regression (PLS) identifies com-
ponents that most strongly covary with target la-
bels (Wold et al., 2001; El-Shangiti et al., 2025;
Heinzerling and Inui, 2024); and Multidimensional
Scaling (MDS) seeks low-dimensional embeddings
that preserve pairwise distances from the original
space (Marjieh et al., 2025). In addition to these
linear methods, some non-linear techniques such as
t-SNE and UMAP have also been applied (van der
Maaten and Hinton, 2008; Healy and Mclnnes,
2024; Subhash et al., 2023).

Another prominent technique used in inter-
pretability works is the Sparse Auto Encoder
(SAE), a neural network building a mapping from
the dense activation space of a LM to a high-
dimensional, sparse, latent space such that sin-
gle neurons of a SAE represent atomic concepts
(Bricken et al., 2023; Huben et al., 2023). SAEs
have been successful at recovering vast collections
of monosemantic, interpretable features at scale
(Templeton et al., 2024), but have also found usage
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in unlearning (Farrell et al., 2024), detecting inter-
nal causal graphs (Marks et al., 2024) and identify-
ing circuits (Minegishi et al., 2024). While SAEs
have shown promise for LLM interpretability, they
face substantial critiques and limitations that chal-
lenge their effectiveness and reliability. Representa-
tions identified by SAEs may fall victim of “feature
absorption,” complicating the disentanglement of
atomic features (Chanin et al., 2025). In model
steering, simple baselines have been observed out-
performing SAEs (Wu et al., 2025). Lastly, SAEs
are expensive to construct as they require extremely
large dimension of their latent space and necessi-
tate in some cases billions of tokens for training.
Their construction also makes them model-specific,
preventing transferability (Sharkey et al., 2025).
In this work, we primarily compare SMDS with
other linear dimensionality reduction techniques.
While non-linear methods and SAEs may offer
valuable insights, we do not focus on them here
due to their high computational demands. Our goal
is to enable a scalable and systematic exploration
of feature manifolds across models and tasks. This
requires lightweight methods that can be efficiently
applied in closed form, making linear approaches
better suited to the scope of our investigation.

Temporal reasoning Temporal reasoning refers
to the ability to interpret and manipulate expres-
sions that describe temporal information — such
as dates (e.g., “May 1, 2010”), times (“9 pm”), or
temporal relations (“before,” “in the morning”)—in
order to determine when events occur or how they
relate temporally (Jia et al., 2018b). Such reason-
ing tasks often require composing multiple tempo-
ral expressions to answer nuanced, time-sensitive
questions.

Several datasets exist that seek to benchmark
LMs across different facets of temporal reasoning.
Some evaluate factual recall over time (Jia et al.,
2018a; Chen et al., 2021; Jia et al., 2021), oth-
ers focus on temporal understanding of real-world
scenarios (Zhou et al., 2019; Fatemi et al., 2025),
and yet others probe the temporal arithmetic ca-
pabilities of LMs (Tan et al., 2023). Lastly, some
works have aggregated existing benchmarks in or-
der to evaluate broader capabilities such as sym-
bolic, commonsense, and event reasoning (Wang
and Zhao, 2024; Chu et al., 2024).

Existing benchmarks primarily assess overall
performance on complex tasks involving multiple
temporal expressions and reasoning types. Sim-

pler tasks focusing on specific types of temporal
expressions, despite being foundational to temporal
understanding, remain underexplored. To enable
a mechanistic investigation of how language mod-
els process temporal information, homogeneous
datasets that isolate specific facets of temporal ex-
pressions are required.

B Temporal Taxonomy & Datasets

This section describes the synthetic datasets we
have generated to probe atomic aspects of temporal
understanding.

Taxonomy Various annotation schemes have
been developed to characterise temporal expres-
sions such as TIMEX3 (Pustejovsky et al., 2010),
TIMEX?2 (Ferro et al., 2004), TIMEX (Setzer,
2001) and TimeML (Sauri et al., 2006), as well
as several variants. We take inspiration from
TIMEX1-3 to construct several synthetic datasets.
Each one covers a specific family of temporal ex-
pressions (Table 2):

» date: Refers to a specific calendar date. To
explore periodic reasoning, we omit the year;

* time_of_day: Specifies a precise moment in
the day;

* duration: Defines a duration and its starting
point;

e periodic: Refers to events that recur with a
given frequency;

* notable: Contains an indirect but precise ref-
erence to an event taking place in a given mo-
ment in time;

The taxonomy has been defined in such a way
that temporal expressions have a unique, precisely-
defined associated numerical quantity. We have
chosen to omit fuzzy expressions for which it is
not possible to define precise temporal pointers
(e.g. “in the morning”, “later”, “next week’) and

therefore an exact position in a feature manifold.

Dataset creation We build each sentence in the
dataset by combining three contextual sentences
and a termination that elicits reasoning. Each sen-
tence contains a name, action and temporal ex-
pressions which are all uniformly sampled from
a given set. Names and actions have been gen-
erated via ChatGPT and checked manually to be
consistently formatted and the resulting sentences



Dataset

# Samples

Examples

cities

2000

Luke lives in Boston. William lives in Toronto. Michael lives in Canctin. The
person who lives closest to Luke is

Mark lives in Leuven. Jack lives in Heidelberg. Dallas lives in Messina. The
person who lives closest to Mark is

date

1992

Brandon donated clothes on the 29th of September. Bob donated clothes on the
31st of August. Jerry donated clothes on the 27th of September. The first person
that donated clothes was

Matt visited a new city on the 22nd of February. Josh visited a new city on the
14th of February. Frank visited a new city on the 1st of March. The first person
that visited a new city was

date_season

2000

Emily mowed the lawn on the 8th of December. Blake mowed the lawn on the
30th of April. Walker mowed the lawn on the 27th of June. The only person that
mowed the lawn in fall is

Rose painted a mural on the 16th of June. Robert painted a mural on the 13th of
July. Martin painted a mural on the 27th of July. The only person that painted a
mural in spring is

date_temperature

2000

Richard left for vacation on the 25th of June. Neil left for vacation on the 22nd
of December. April left for vacation on the 22nd of August. The only person
that left for vacation in a cold month is

Jason returned from vacation on the 12th of February. Connor returned from
vacation on the 21st of March. Rachel returned from vacation on the 19th of
October. The only person that returned from vacation in a warm month is

duration

3000

Maria is starting their internship on the 15th of December and is set to run for 25
days. George is starting their internship on the 13th of December and is set to
run for 14 days. Laura is starting their internship on the 3rd of December and is
set to run for 1 week. The person whose internship ends first is

Hunter runs a festival booth on the 27th of December staying open for 10 days.
George runs a festival booth on the 12th of November staying open for 9 days.
Connor runs a festival booth on the 20th of December staying open for 9 days.
The person whose festival booth ends first is

notable

2000

Robert was born on the day the MV Doifia Paz sank. Maria was born on the day
the independent State of Palestine was proclaimed. Andrew was born on the day
the Dayton Accords were signed. The oldest is

Neil was born on the day Herbert Hoover was inaugurated as President. Leon
was born on the day James Joyce published Ulysses. Alice was born on the day
Mandatory Palestine was established. The oldest is

time_of_day

3000

Steve watches a movie at 23:15. April watches a movie at 11:45. Charlie watches
amovie at 7:15. It is now 2:58. The last person who watched a movie is

Charlie watches TV at 4:45. Richard watches TV at 12:15. Steve watches TV at
4:30. It is now 14:42. The last person who watched TV is

time_of_day_phase

2000

Leon goes for a walk at 6:15. Brandon goes for a walk at 18:30. Matt goes for a
walk at 5:00. The only person that goes for a walk in the morning is

John writes in a journal at 4:45. Matt writes in a journal at 5:00. Luke writes in
a journal at 20:45. The only person that writes in a journal in the evening is

Table 3: Additional examples for each task.



grammatically correct. Names have been chosen
so that they are not broken up into separate to-
kens. Temporal expressions of the notable task
have been obtained from Wikipedia® and have been
rewritten via ChatGPT and checked manually to
ensure consistence. For all datasets, each sen-
tence contains exactly one temporal expression.
We chose not to include more, using composite
expressions, so as to obtain cleaner feature mani-
folds. The only exceptions are the duration and
time_of_day datasets that contains two. This was
necessary in order to formulate non-trivial ques-
tions that require reasoning across time spans. The
notable task is also unusual, as it not only requires
comparing different expressions but also involves
factual recall of events from parametric memory.
Variants date_season, date_temperature, and
time_of_day_phase contain the same contextual
sentences as the original tasks but a different ter-
mination that elicits a classification-based form of
reasoning. Finally, we note that the number of
examples per dataset varies. This is necessary to
ensure that, after filtering for correctly answered
instances, a sufficient number of activations remain
for SMDS training. For consistency, we require a
minimum of 500 correctly classified examples per
model-task pair and cap the number of activations
used in manifold search at this threshold. See Table
3 for a more extensive collection of examples.

C Supervised Multidimensional Scaling

In this section we provide further details on the di-
mensionality reduction method we use throughout
the paper, as well as highlight its differences and
similarities with other techniques which served as
inspiration.

Description SMDS is based on the assumption
that points X € R™ in the residual stream
roughly lie on a feature manifold that can be
parametrized with labels y € Y with y; € [0, 1].
Distances on this ideal feature manifold are as-
sumed similar to Euclidean distances in the resid-
ual stream. Formally, given activations X € Rnxd
two samples z;,z; € X and a linear projection
W € R™*9 from the full space to the manifold sub-
space, we assume that d(y;, y;) ~ ||W (x; — ;)|
To find W, we can minimize Eq. 1, reported here

5https ://en.wikipedia.org/wiki/Timeline_of_
the_20th_century

for readability:
2
£=% (Wi —2)|* = dlyi, u)°)
1<j

The problem is solved as follows. First, ideal
distances d(y;,y;) between labels are computed
and the squared distance matrix is defined as:

Di; = d(yi,y;)*. ©)

Then, classical MDS is performed. Double center-
ing is applied:

1

1
H=I--11", B:= —;HDH  (6)
n

B is eigen-decomposed and a low-dimensional em-
bedding Y is obtained:

B=VAVT )
Y =V, A2 e RP™ (8)

with V,,, the top m eigenvectors and A, the corre-
sponding eigenvalues. The embeddings Y repre-
sent the locations of data points in the parametrized
approximation of the manifold such that ||Y; —
Y;|| = d(yi,y;). The following steps perform re-
gression to find a mapping from datapoints X to
this subspace. We center X and Y by subtracting
their mean:

X.=X-X, Y.=Y-Y. )
Substituting in Eq. 1:

IXWTWX] - YY.|2 (10)
At the optimum TV we get that X, W T =~ Y. Solv-
ing Eq. 1 is expensive, however we can approxi-
mate W by solving a proxy problem:

W =argmin || X. W' - Y[l (11)
144
this is the same formulation of a linear probe, but
with Y being computed from the label using MDS.
A solution is easily found:
-1

W=Y, X, (XCT Xc) . (12)
A regularization term can be added to Eq.12 to
make the resulting projection more robust:

-1
W=YTX, (XCTXchaI) . (3)
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In all our experiments, we set o = 0.1.

The embeddings Y represent the locations of
data points in the parametrized approximation of
the manifold (Figure 2). In principle, if such
embeddings are already known, the preceding
steps can be skipped entirely. Computing arbi-
trary d(y;,y;) just gives more flexibility. By us-
ing SMDS to perform a search across candidate
manifolds, the discovery problem can be reduced
to one of model selection: one only needs to per-
form SMDS on several hypothesis metrics d(y;, y;)
or parametrized manifolds Y, and compare them
using a quality metric like stress.

Comparison to other methods SMDS is an ex-
tension of MDS and uses it as part of the proce-
dure. There is, however, a key difference in its
use case: while classical MDS is unsupervised and
only learns a lower-dimensional mapping that pre-
serves Euclidean distances, SMDS first builds a
distance matrix from labels and then uses it to learn
the actual projection via regression. There are also
differences in the stress metric we use (Eq. 4):
classical normalized stress (Amorim et al., 2014)
evaluates the error between distances in the original
and lower-dimensional space; our formulation ef-
fectively does the same, but between the projected
and the ideal subspace Y.

The first term in Eq. 1 can be reformulated:

W (s — )| = (W (i — 2)) " (W (@i — zj))
= (:L‘l — :L‘j)TWTW(SL‘Z' — ﬂfj)

= (wi — x;) M (z; — x;),

with M € R™ "™ being a positive semi-definite
matrix. This is the squared Mahalanobis distance,
widely used in Distance Metric Learning. In fact,
many other dimensionality reduction techniques
can be described as Distance Metric Learning algo-
rithms (Suarez-Diaz et al., 2020).

SMDS is closely related to probes, which have
been extensively used in prior works (Belinkov,
2022; Li et al., 2022; Gurnee and Tegmark, 2023,
inter alia). Some have successfully employed cir-
cular probes to recover feature manifolds (Engels
et al., 2025) and study the other cyclical patterns
such as number encodings (Levy and Geva, 2025),
but to the best of our knowledge no prior works
have used MDS to build probes of arbitrary shape.

D Additional Experiments
D.1 Model Performance

We evaluate exact match accuracy across all tasks
and models, finding that performance is generally
very low, with only instruction-tuned models from
the Llama family outperforming random chance
(Table 4). This is notable because, despite poor task
performance, the models still produce well-defined
feature manifolds. Among Llama models, we find
the more recent Llama-3.2-3B-Instruct outperforms
its 8B counterpart, while the 70B version displays
stronger performance in almost all tasks (Figure 9).



Llama-3.2-3B-Instruct Qwen2.5-3B-Instruct gemma-2-2b-it

Dataset Acc Best shape —log S Acc Best shape —log S Acc Best shape —log S
date 0.809 circular 2.402 0.363 circular 2.980 0.376 circular 2.798
date_season 0.737 cluster 6.935 0.265 cluster 8.161 0.305 cluster 7.166
date_temperature 0.510 cluster 6.392 0.253  log_semicircular 7.342 0.362  log_semicircular 7.125
duration 0.297 log_linear 3.042 0.322 log_linear 2.768 0.261 log_linear 3.336
notable 0.493 semicircular 2.114 0.316 semicircular 1.924 0.578 semicircular 1.958
periodic 0.461 log_linear 3.663 0.320 log_linear 3.696 0.136 log_linear 3.832
time_of_day 0.299 circular 1.223 0.187 circular 1.140 0.069 semicircular 1.227
time_of_day_phase 0.662 cluster 6.949 0.296 cluster 8.556 0.292 cluster 7.388
Average | 0537 - - | 0.296 - - | 0.288 - -
Llama-3.1-70B-Instruct Llama-3.1-8B-Instruct

Dataset Acc Best shape —log S Acc Best shape —log S

date 0.930 circular 2.908 0.386 circular 2413

date_season 0.835 cluster 6.026 0.661 cluster 6.502

date_temperature 0.821 log_semicircular 6.192 0.494 cluster 5.920

duration 0.618 log_linear 3.192 0.087 log_linear 2.900

notable 0.182 semicircular 2.624 0.308  semicircular 2.207

periodic 0.597 log_linear 3.851 0.283 log_linear 3.783

time_of_day 0.528 circular 1.482 0.115 circular 1.263

time_of_day_phase 0.729 cluster 6.170 0.689 cluster 6.585

Average | 0.631 - - | 0.361 - -

Table 4: Stress values for different models and tasks.

Model Accuracy Model Accuracy Model Accuracy
date date date
1 1 1
time_of_day date time_of_day date time_of_day date

phase season phase 08 season phase season
0.6
time_of date time_of \ date time_of date
day temperature day temperature day temperature
periodic duration periodic duration periodic duration
notable notable notable

—e— Quen/Qwen2.5-3B-Instruct —e— Quen/Qwen2.5-38 —e— meta-llama/Llama-3.1-70B-Instruct
googlelgemma-2-2b-it googlelgemma-2-2b meta-llamalLlama-3.1-8B-Instruct
—e— meta-llama/Llama-3.2-38-Instruct —e— meta-llama/Llama-3.2-38 —e— meta-llama/Llama-3.2-3B-Instruct

Figure 9: Accuracy on temporal tasks. Accuracy is low across the board, with only Llama models achieving
above-chance accuracy. The 3B Llama variant is also shown outperforming the 8B one.
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While stress is a good indicator of performance,
as discussed in Appendix 5.3, we observe no signif-
icant correlation for the three models of the main
analysis (Spearman’s p = —0.034). We hypoth-
esize that while most LMs effectively structure
knowledge internally, some struggle to leverage it
during generation. This might explain their lower
performance. Another possibility is that the spe-
cific wording of the prompt does not allow LMs
to effectively recover information from context. In
that case, chain-of-thought prompting (Wei et al.,
2022) may improve performance.

D.2 Additional Observations on Manifold
Discovery

We observe two instances where manifold dis-
covery exhibits unexpected behaviours. On the
date_temperature task (Figure 10), the clusters
are correctly identified but the scoring yields unre-
liable values. This is expected when considering
how distances are computed in the binary cluster
scenario: two clusters can be modelled correctly
by any hypothesis manifold, as there is no order
that can be enforced. This signals caution and sug-
gests reverting to simpler probes to evaluate binary
features.

On the time_of_day task, SMDS is unable to
recover well-organised manifolds at the LP site de-
spite a clear, preferential circular manifold being
present at the TE site (Figure 13). The lack of trans-
ferability between the two sites can be explained
by noting that time_of_day sentences contain two
temporal expressions in the same format instead
of one. The two representations may interfere de-
structively, preventing their recovery. When also
considering findings from §D.3, it is also possible
that, for this specific prompt, the LP site is not stor-
ing any semantically relevant information. Future
works could start from tasks such as this to char-
acterise how multiple feature manifolds combine,
and in which token is this information encoded.

D.3 Additional Observations on Intervention

Figure 15 shows how the time_of_day is the least
affected by intervention, even when perturbing the
full latent space. We believe this is due to the spe-
cific formatting of time used: expressions such as
19:37 are tokenized as 19, :, 37, with the TE site
corresponding to the minute part of the expression.
For most examples, the hour is sufficient to deter-
mine the right answer, and since that information is
left untouched, the model is able to continue with

Time of Day Manifolds - Qwen2.5-3B-Instruct

Site: TE Site: LP Site: A

Figure 13: Circular manifolds on the time_of_day task.
SMDS cannot find any structure on LP and A despite
one being present at the TE site.
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Figure 14: Multidimensional manifold constructed by
Llama-3.2-3B-Instruct on the duration task. Compo-
nent 0 is proportional to the duration, component 1 to
the day of the year.

minimal disruption.

D.4 Identifying a Spatial Manifold

To show the flexibility of SMDS, we extend our
analysis to a spatial reasoning task. In the same
vein as Appendix B, we build sentences com-
posed of three statements “<name> lives in<city>.”
Then, we prepend a continuation “The person who
lives closest to <name> is” to elicit reasoning.
Names are sampled from the usual set, while cities
are obtained from the World Cities Database®. We
select only prominent cities as they are more likely
to be present in the model’s memory. For the US
and Canada we instead select cities with > 100.000
inhabitants, since following the provided labels re-
sults in severe undersampling. We then uniformly
sample cities based on location.

Each city is characterized by its latitude and lon-
gitude coordinates ¢; = (lat;, lon;). From these,
we project cities on various shapes and compute
the relative distance function. We investigate a flat
plane, a sphere, a cylinder, and a complex geome-

®https://simplemaps.com/data/world-cities
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Figure 15: Additional accuracy plots on intervention
experiment. The time_of_day task is the least affected
by all forms of intervention.

try defined by the geodesic distance between cities.
The flat manifold is computed simply as the Eu-
clidean distance between the two coordinates, same
as the 1inear metric used before. For the sphere
manifold, we convert each coordinate into a 3D
point on a sphere of radius r as follows:

¢; = radians(lat;),
x; = rcos(¢;) cos(A;),
yi = 7 cos(;) sin(A;),

zi = rsin(¢;)

A; = radians(lon;)

Then the distance between two cities is the Eu-
clidean chord length:

18331 = /(s — 23)% + (i — )2 + (2 — 23)?

For the cylinder manifold, we map latitude to verti-
cal height and longitude to angle around a cylinder
of radius r. Each point is embedded as:

h; = radians(lat;) - s, \; = radians(lon;)
x; = 1cos(N;),
y; = rsin(\;),
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Figure 16: SMDS of gemma-2-2b-it on the cities task.
The recovered projection shows the relative position of
continents.

The chord distance is again computed as the Eu-
clidean distance in 3D. For the geodesic manifold,
we compute the great-circle distance between two
cities—i.e., the shortest path along the surface of a
sphere. We first convert latitude and longitude to
radians and compute the differences:

¢; = radians(lat;), \; = radians(lon;)
Ap=¢i—¢j, AX=Xi— ]

We then use the Haversine formula:

a =sin? (Af)
+ cos(¢;) cos(¢;) sin? <A2/\>
65| =r - 2 arcsin (Va)

This corresponds to the true surface distance be-
tween two points on the Earth, assuming a perfect
sphere. In addition to the usual LP and A sites,
we analyze two more locations: the correct city
(CC), corresponding to the final token of the city
where the correct person lives, and the reference
city (RC), referring to the final token of the city
where the person in the question lives. Both cities
are drawn from the context statements.

Table 5 shows that the manifold achieving the
closest fit is a spherical one across all models. In
Figure 16, we visualize the projection recovered
by SMDS and find clear clusters around the shapes
of continents. Their relative position is consistent
with their real-life location, but projecting a spheri-
cal manifold onto a plane inevitably distorts their
real position.



Manifold — log S

‘ Acc

Model cylinder flat geodesic sphere
Llama-3.2-3B-Instruct | 0.549| 2.071 1.931 2.118 2.285
Qwen2.5-3B-Instruct [0.510| 1.906 1.768 1.975 2.135
gemma-2-2b-it  [0.493| 2.070 1.947 2.073 2.248

Table 5: Stress values for the cities task at the RC site.
The highest-scoring manifold is always a spherical one.

D.5 Feature Manifolds are not Artefacts of
SMDS

In this section we validate the robustness of SMDS
and confirm that the feature manifolds recovered
are indeed consistent and not an artifact of overfit-
ting a projection. Primary evidence is provided in
the main analysis of §5: the error bars produced by
cross-validation are narrow for almost all datasets,
confirming that activations for a given feature do
have a preferential manifold.

The second piece of evidence is obtained by de-
signing control tasks following Hewitt and Liang
(2019). We build control variants for all tasks by
shuffling the labels. This should make it impossi-
ble for SMDS to identify a structure and we should
observe a significant increase in stress. For each
model-task pair, we evaluate the best manifold iden-
tified in §5. As in the main experiment, we perform
a 5-fold cross-validation on the dataset. Table 6
shows the results: absence of structure causes a
sharp increase in stress (and corresponding drop
in —log ). This is evidence that SMDS does not
force a structure when no underlying manifold ex-
ists.

D.6 Exploring the Impact of Instruction
Tuning

Since we exclusively use instruction-tuned mod-
els in our main experiments, we are interested in
whether instruction tuning impacts the feature man-
ifolds and accuracies of our models. Instruction
tuning is a post-training method that is widely be-
lieved to enhance models’ generalization and task-
solving capabilities (Wei et al., 2021; Chung et al.,
2024), however not all of the potential changes in-
duced in a base model by instruction tuning have
been explored. Various prior works suggest that
instruction tuning mainly impacts stylistic output
tokens rather than changing the model’s parametric
knowledge (Zhou et al., 2023; Ghosh et al., 2024;
Lin et al., 2023), and that it additionally causes
models to rotate the basis of their representation
space to adapt to user-oriented tasks (Wu et al.,

2024). However, these works deal primarily with
token probability distributions and do not explore
feature manifolds.

To explore the impact of instruction tuning in
our experimental setup, we conduct our main ex-
periments on the base versions of three of our mod-
els: Llama-3.2-3B, Qwen2.5-3B, and Gemma-2-
2B. We report the stress values in Table 7 and the
feature manifolds in Figure 12.

Overall, across our three models, we find that
instruction tuning did not substantially alter the
optimal structure. For all tasks except notable,
periodic, and duration, the structure that was
optimal for the instruction-tuned model tended to
remain in the top-3 optimal structures for the base
model as well. We note that the three outlier tasks
have monotonic topologies, while the rest have
cyclical or cluster-like structures.

For some tasks, we observed that the feature
manifolds for base models tended to be more scat-
tered than those of the instruction-tuned models.
For example, the date manifolds for all instruction-
tuned models (Figure 11) have tighter, well-formed
ring structures than the manifolds of the base mod-
els (Figure 12). However, this was not the case for
all tasks: for example, the periodic manifolds for
both base and instruction-tuned models showed a
clear separation of clusters that remained consistent
within a particular model architecture.

Surprisingly, we found that the accuracies varied
unpredictably between the base and instruction-
tuned models. For Llama, all base accuracies
were much lower than the instruction-tuned accu-
racies, while with the Qwen and Gemma models,
base models sometimes markedly outperformed the
instruction-tuned models. This could possibly be
due to differences in the instruction-tuning methods
of these models.

Overall, our results suggest that the impact of
instruction-tuning on feature manifolds will depend
on the task, model architecture, as well as on the
specifics of the instruction-tuning process. A de-
tailed exploration of this is a promising avenue for
future work.



Llama-3.2-3B-Instruct Qwen2.5-3B-Instruct gemma-2-2b-it

Dataset Best shape —logS | Bestshape —logS | Bestshape —log S

date circular 0.995_¢.932 circular 0.855_2.075 circular 0.806—1.563
date_season cluster 0.998_4.509 cluster 0.956_7.205 cluster 0.858 _¢.308
date_temperature cluster 0.376_5.669 cluster 0.332_7.010 cluster 0.211_6.111
duration log_linear 0.513-2.490 log_linear 0.519_2.083 log_linear 0.445_5. 059
notable semicircular  0.722_1 248 | semicircular 0.740_0.s01 | semicircular 0.482_1 168
periodic log_linear 0.523_2 388 log_linear 0.502_3.150 log_linear 0.235_3.470
time_of_day circular 0.987_0.223 circular 0.978 _0.066 | semicircular 0.683_0.46s
time_of_day_phase cluster 0.961_4.710 cluster 1.000_6.869 cluster 0.902_¢.4587

Table 6: Stress values for control tasks. Absolute difference with the base task is shown in red. SMDS consistently
produces low scores if no structure is present.

Llama-3.2-3B Qwen2.5-3B
Dataset Acc Best shape —log S ‘ Acc Best shape —log S
date 0.387  discrete_circular 2.013 0.209 circular 2.588
date_season 0.523 cluster 6.716 0.547 cluster 8.274
date_temperature 0.373 log_linear 6.683 0.233  discrete_circular 7.131
duration 0.207 euclidean 1.899 0.173 euclidean 1.815
notable 0.013 cluster 0.931 0.080 semicircular 1.828
periodic 0.331 log_linear 3.487 0.181 log_linear 3.265
time_of_day 0.099 circular 1.242 | 0.238 circular 1.289
time_of_day_phase | 0.637 cluster 6.922 0.450 cluster 8.619
Average | 0.321 - - | 0.264 - -
gemma-2-2b

Dataset Acc Best shape —log S

date 0.314 semicircular 3.166

date_season 0.608 cluster 7.277

date_temperature 0.331  discrete_circular 6.423

duration 0.111 euclidean 1.624

notable 0.009 discrete_circular 0.931

periodic 0.297 log_linear 3.633

time_of_day 0.185 circular 1.517

time_of_day_phase | 0.602 cluster 7.465

Average | 0.307 - -

Table 7: Stress values for base models.
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